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We investigate the lattice I(n) of clones on the ring Zn between
the clone of polynomial functions and the clone of congruence
preserving functions. The crucial case is when n is a prime
power. For a prime p, the lattice I(p) is trivial and I(p2) is known
to be a 2-element lattice. We provide a description of I(p3). To
achieve this result, we prove a reduction theorem, which says that
I(pk) is isomorphic to a certain interval in the lattice of clones
on Zpk−1 .
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1 INTRODUCTION AND PRELIMINARIES
A clone on a set A is a family of operations, which contains all projections
and is closed under composition. The family of all clones onA forms a lattice.
An n-ary operation on an algebra A is called compatible or congruence
preserving if for x1, . . . , xn, y1 . . . , yn ∈ A, (x1, y1), . . . , (xn, yn) ∈ θ im-
plies (f(x1, . . . , xn), f(y1, . . . , yn)) ∈ θ for every θ ∈ ConA. It is clear
that all compatible operations form a clone, denoted by Comp(A). This
clone includes the clone P(A) of all polynomial operations on A. Hence,
P(A) ⊆ Comp(A). If the equality P(A) = Comp(A) holds, then the alge-
bra A is called affine complete. A lot of research has been devoted to affine
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† email: ivana.varga@student.upjs.sk
1
ar
X
iv
:2
00
7.
14
06
3v
1 
 [m
ath
.R
A]
  2
8 J
ul 
20
20
completeness for various types of algebras. Some survey can be find in the
monograph [8] of Kaarli and Pixley.
The algebras considered in this paper are the rings Zn of integers modulo
n. These rings are known to be affine complete if and only if n is squarefree (a
product of distinct primes). This can be deduced from general theorems about
affine complete rings, see [8]. For n that is not squarefree, we have P(Zn) (
Comp(Zn), and a natural question is to describe the interval between P(Zn)
and Comp(Zn). Clearly, this interval is a lattice, let us denote it by I(n). The
crucial case is when n = pk, a power of a prime p, k ≥ 2. (See Theorem
2.4.)
Problem 1.1 Describe the lattice I(pk) for a prime p and k ≥ 2.
The answer to this problem seems not to be known for k > 2. The case
k = 2 has been solved by Remizov in [13], who showed that I(p2) is a 2-
element lattice. Alternative proofs of this result can be found in Bulatov [4],
and also in our present paper. (See Theorem 4.1.) For the case k > 2, only
partial results are available, see [13], [5], [6], and [10]. Especially, it is known
that the lattice I(pk) for k > 2 is infinite.
In the present paper we prove a reduction theorem, which says that the
lattice I(pk) is isomorphic to the interval between the clones E2(Zpk−1) and
Comp(Zpk−1), where E2(Zpk−1) is the clone on Zpk−1 generated by addi-
tion, constants and the binary operation g(x, y) = pxy. Notice that the clone
E2(Zpk−1) is smaller than P(Zpk−1), but includes all polynomials of the ad-
ditive group Zpk−1 . So, the description of I(pk) depends on a description of
clones on Zpk−1 containing all group polynomials. For k = 3 such clones
have been completely described by Bulatov in [4]. (See also Meshchaninov’s
paper [11].) Relying on this paper we are able to provide a complete descrip-
tion of the lattice I(p3).
Research in the clone theory connected with the modular arithmetics has
a long and rich history. Clones of polynomials on Zn were studied in papers
[15], [16], [17], [2], [3] of Salomaa, Szendrei, Bulatov, and others. From a
more recent research relevant to our topic, we would like to mention the re-
sults of Idziak ([7]), Aichinger and Mayr ([1]), and Mayr ([9]). These papers
investigate clones containing a group operation on a given finite set.
The clone of all compatible functions has been studied also for other kinds
of algebras. For instance, the paper [12] describes generators of this clone for
distributive lattices.
Elements of Zn will be denoted 0, 1, . . ., n− 1. Congruences on the ring
Zn are the usual congruences modulo d for every d|n. For vectors in Zkn we
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adopt the convention that x = (x1, . . . , xk), l = (l1, . . . , lk), etc.
2 THE RING Zmn
Let m,n be integers such that gcd(m,n) = 1. It is well known that the ring
Zmn is isomorphic to the product of rings Zm×Zn. Congruences of the ring
Zm × Zn are θq,r such that
((x, y), (u, v)) ∈ θq,r iff x ≡ u(mod q) and y ≡ v(mod r),
where q is a divisor of m and r is a divisor of n. Let Imn be the interval of
clones between P(Zm × Zn) and Comp(Zm × Zn). Clearly, the lattice Imn
is isomorphic to I(mn) and we show that it is isomorphic to I(m)× I(n).
Lemma 2.1 Let m,n be coprime numbers. Compatible operations on the
ring Zm × Zn are precisely operations of the form
f((x1, y1), . . . , (xl, yl)) = (f
(m)(x), f (n)(y)),
where f (m) is compatible on Zm and f (n) is compatible on Zn.
P r o o f. Let f be an l-ary compatible operation on Zm × Zn. Let p1 denote
the projection from Zm × Zn to Zm. Then θ1 = Ker(p1) is a congruence
on Zm × Zn. Let p2 denote the projection to Zn, then θ2 = Ker(p2) is a
congruence on Zm × Zn. Since f preserves the congruences θ1 and θ2,we
have
f((x1, y1), . . . , (xl, yl))θ1f((x1, 0), . . . , (xl, 0));
f((x1, y1), . . . , (xl, yl))θ2f((0, y1), . . . , (0, yl))
for arbitrary x ∈ (Zm)l,y ∈ (Zn)l. Set
f (m)(x) = p1(f((x1, 0), . . . , (xl, 0)))
f (n)(y) = p2(f((0, y1), . . . , (0, yl))).
Then
p1(f((x1, y1), . . . , (xl, yl))) = f
(m)(x)
p2(f((x1, y1), . . . , (xl, yl))) = f
(n)(y).
We proved that there exist operations f (m), f (n), such that f = (f (m), f (n)).
It is clear that f preserves θq,r if and only if f (m) preserves the congruence
modulo q and f (n) preserves the congruence modulo r. So, f is compatible
if and only if f (m), f (n) are compatible.
It is easy to see the following.
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Lemma 2.2 For every l-ary operation f and all k-ary operations g1, . . . , gl
from a clone C ∈ Imn, the following holds:
(f(g1, . . . , gl))
(m) = f (m)(g
(m)
1 , . . . , g
(m)
l ).
Lemma 2.3 Let m,n be coprime numbers.
(i) Let C ∈ Imn. Then the set Cm = {f (m) | f ∈ C} ∈ I(m) and the set
Cn = {f (n) | f ∈ C} ∈ I(n).
(ii) Let D ∈ I(m) and E ∈ I(n). Then
D × E = {f | f (m) ∈ D, f (n) ∈ E} ∈ Imn.
(iii) For every C ∈ Imn: C = Cm × Cn.
(iv) For every D ∈ I(m), E ∈ I(n): (D × E)m = D, (D × E)n = E.
P r o o f. (i) It follows from Lemma 2.1 that the set Cm is a subset of
Comp(Zm). It is closed under composition (from Lemma 2.2) and contains
all projections, addition, multiplication and constants, because C contains
projections, addition, multiplication and constants. Analogously we can show
that Cn ∈ I(n).
(ii) It follows from Lemma 2.1 that the set D × E is a subset of the clone
Comp(Zm × Zn). It is closed under composition (from Lemma 2.2) and
contains all projections. Let g(m)(x1, x2) = x1 + x2 and g(n)(y1, y2) =
y1+y2. Then we have g((x1, y1), (x2, y2)) = (g(m)(x1, x2), g(n)(y1, y2)) =
(x1 + x2, y1 + y2), therefore D × E contains addition. Similarly, D × E
contains multiplication and constants.
(iii) We want to prove that C = {f | f (m) ∈ Cm, f (n) ∈ Cn}. If f ∈ C,
then f (m) ∈ Cm and f (n) ∈ Cn directly from the definition. Conversely, let
f (m) ∈ Cm and f (n) ∈ Cn. That means there exist functions g, h ∈ C, such
that g(m) = f (m) and h(n) = f (n). Using the Chinese remainder theorem,
there exist natural numbers a, b such that a ≡ 1(mod m), a ≡ 0(mod n),
b ≡ 1(mod n), and b ≡ 0(mod m). Put
f1 = g + g + . . .+ g︸ ︷︷ ︸
a-times
+h+ h+ . . .+ h︸ ︷︷ ︸
b-times
Since C contains the addition, we have f1 ∈ C. Moreover,
f
(m)
1 (x) = g
(m)(x) · a+ h(m)(x) · b = g(m)(x) = f (m)(x)
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and
f
(n)
1 (x) = g
(n)(x) · a+ h(n)(x) · b = h(n)(x) = f (n)(x),
hence f = f1 ∈ C.
(iv) Let f ∈ D × E, then f (m) ∈ D from the definition. Let g ∈ D, then
there exists an operation f ∈ D×E, such that f (m) = g. So, g ∈ (D×E)m,
which proves the statement. Analogously we can show that (D × E)n = E.
Lemma 2.3 shows that the assignments C 7→ (Cm, Cn) and (D,E) 7→
D×E are mutually inverse bijections between Imn and I(m)×I(n). Clearly,
they are order preserving, so the lattices Imn and I(m)×I(n) are isomorphic.
Using induction, we obtain the following result.
Theorem 2.4 Let n = pα11 · . . . · pαmm , where p1, . . . , pm are distinct primes.
Then the lattice I(n) is isomorphic to the product of the lattices I(pαii ), i =
1, . . . ,m.
The above theorem can be also deduced from [13], in a different formal-
ism. We include the proof here for the sake of completeness.
So, in order to describe I(n) it suffices to investigate the lattices I(pk) for
a prime p and k ≥ 2.
3 REDUCTION OF Zpk TO Zpk−1
Let k ≥ 2 be a fixed integer. Let M = {lp | l ∈ {0, . . . , pk−1 − 1}} denote
the set of multiples of p in Zpk .
Lemma 3.1 There exists a polynomial function G on the ring Zpk satisfying
G(x) =
{
1, if x ∈Mn
0, otherwise.
P r o o f. For every x ∈ M , we have
∏
c∈Z
pk
\M
(x − c) =
∏
c∈Z
pk
\M
c = α,
where the latter is invertible and independent of x. It is not difficult to prove
that α is equal to (−1) for p > 2 and 1 for p = 2. Then the polynomial
G(x) = α−n
n∏
i=1
∏
c∈Z
pk
\M
(xi − c)
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has the required properties.
Let L = {0, 1, . . . , p−1} ⊆ Zpk . For every x ∈ Znpk there exists a unique
c ∈ Ln such that x− c ∈Mn. Thus, Lemma 3.1 enables the following easy
decomposition.
Lemma 3.2 For every n-ary function f on Zpk ,
f(x) =
∑
c∈Ln
f(x)G(x− c).
Let P(M) denote the clone onM generated by addition and multiplication
modulo pk and constant operations. Let Comp(M) denote the clone that
consists of all operations that preserve congruences modulo p2, . . . , pk−1. It
is obvious that P(M) ⊆ Comp(M).
Now we are going to prove that the interval in the lattice of clones between
P(M) and Comp(M) is isomorphic to I(pk).
We say that f preserves M , if f(x) ∈ M whenever x ∈ Mn . For any
clone C ∈ I(pk) (that is, for every clone between P(Zpk) and Comp(Zpk))
we define
CM = {f  M | f ∈ C, f preserves M}.
We show that assignment C 7→ CM is the required isomorphism.
Lemma 3.3 For every cloneC ∈ I(pk), the setCM is a clone between P(M)
and Comp(M).
P r o o f. It is clear that CM is a clone. The rest follows from the fact,
that the restriction of every f ∈ Comp(Zpk) belongs to Comp(M), and the
addition and multiplication on Zpk restrict to the addition and multiplication
on M .
Conversely, for every clone K on M between P(M) and Comp(M) we
define
C(K) = {f ∈ Comp(Zpk) | ∀a ∈ Znpk : (f(x+ a)− f(a))  M ∈ K}.
Notice that the compatible operation f preserves the congruence mod p,
which implies that the operation f(x + a) − f(a) preserves M . We obtain
that the restriction (f(x+ a)− f(a))  M is in Comp(M).
Lemma 3.4 For every cloneK between P(M) and Comp(M), the setC(K)
is a clone in I(pk).
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P r o o f. 1. For every n-ary projection f(x) = xi on Zpk and every a ∈ Znpk ,
the operation f(x+ a)− f(a) = xi + ai− ai = xi is a projection on M and
hence belongs to K. Therefore, C(K) contains all projections.
2. To show that C(K) is closed under composition, consider operations
f , g1, . . . , gn ∈ C(K), with f n-ary and all gi m-ary. Let a ∈ Zmpk . Then
(g1(a), . . . , gn(a)) ∈ Znpk . Since f ∈ C(K), the operation
h(x) = (f(x+ (g1(a), . . . , gn(a))− f(g1(a), . . . , gn(a)))  M
belongs to K. Further, for every i, the operation
hi(x) = (gi(x+ a)− gi(a))  M
belongs to K because gi ∈ C(K). Since K is closed under composition, we
have h(h1, . . . , hn)(x) ∈ K. For every x ∈Mm we have
h(h1, . . . , hn)(x) = h(h1(x), . . . , hn(x)) =
h(g1(x+ a)− g1(a), . . . , gn(x+ a)− gn(a)) =
f(g1(x+ a), . . . , gn(x+ a))− f(g1(a), . . . , gn(a))
Therefore f(g1, . . . , gn)(x) belongs to C(K).
3. It is easy to check that C(K) contains the addition.
4. Let f(x, y) = x ·y, a1, a2 ∈ Zpk . Then f(x+a1, y+a2)−f(a1, a2) =
(x + a1) · (y + a2) − (a1 · a2) = x · y + x · a2 + y · a1. The restriction of
this function to M belongs to K, because it is a polynomial. (Notice that
x · a1 can be replaced by the sum of a1 copies of x, and similarly for y · a2.)
Therefore f ∈ C(K).
5. Every constant operation f(x) = c belongs to the clone C(K) because
f(x+ a)− f(a) = 0, and the restriction of this function belongs to K.
6. The inclusion C(K) ⊆ Comp(Zpk) follows directly from the defini-
tion.
Lemma 3.5 K = C(K)M for every clone K between the clones P(M) and
Comp(M).
P r o o f. Let h ∈ K be an n-ary operation on M . Define
f(x) =
{
h(x), if x ∈Mn
0, otherwise.
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Then f preserves M and h = f  M . We claim that f ∈ C(K). The
operation f is compatible because h is compatible. We need to show that
(f(x+a)− f(a))  M ∈ K holds for every a ∈ Znpk . For a ∈Mn we have
(f(x + a)− f(a))  M = h(x + a)− h(a) ∈ K and for a /∈ Mn we have
(f(x+ a)− f(a))  M = 0 ∈ K. This proves that K ⊆ C(K)M .
Conversely, let h ∈ C(K)M , which means that there exists f ∈ C(K),
such that h = f  M and f preserves M . Using the definition of C(K) with
a = 0 we obtain that (f(x+ 0)− f(0))  M ∈ K. Since f(0) ∈M , and K
contains constants and the addition, we have h(x) = f(x)  M ∈ K. This
proves that C(K)M ⊆ K.
Lemma 3.6 Let C,D ∈ I(pk). Then C ⊆ D if and only if CM ⊆ DM .
P r o o f. If C ⊆ D then it is obvious that also CM ⊆ DM . Conversely,
suppose that CM ⊆ DM . Let f ∈ C be an n-ary operation. Then, for
every c ∈ {0, . . . , p − 1}n, the operation f(x + c) belongs to C. The n-ary
constant function f(c) is also in C and therefore f(x+ c)− f(c) ∈ C. The
compatibility of f implies that this function preserves M , so the operation
(f(x + c) − f(c))  M belongs to CM ⊆ DM . Consequently, there exists
an operation gc ∈ D such that gc(x) = f(x+ c)− f(c) for every x ∈Mn.
Using the polynomial G from Lemma 3.1 we get
gc(x)G(x) = (f(x+ c)− f(c))G(x),
which holds for every c and every x ∈ Znpk . (It is trivial for x /∈ Mn.) After
the substitution x = u− c we obtain
gc(u− c)G(u− c) = (f(u)− f(c))G(u− c)
for every u ∈ Znpk . Now we use Lemma 3.2:
f(u) =
∑
c
f(u)G(u− c) =
∑
c
gc(u− c)G(u− c) +
∑
c
f(c)G(u− c)
and from this expression it follows that f ∈ D.
Theorem 3.7 The lattice I(pk) is isomorphic to the interval between P(M)
and Comp(M).
8
P r o o f. By Lemma 3.6, the assignment C 7→ CM is an order embedding.
By Lemma 3.5, it is also surjective.
So, the assignmentC 7→ CM is a bijection and hence has a unique inverse.
According to Lemma 3.5, this inverse is the assignment K 7→ C(K). Hence,
we also have the following assertion.
Lemma 3.8 D = C(DM ) for every D ∈ I(pk).
Lemma 3.9 Let K be a clone on M generated by addition, multiplication,
constants and operations {hi | i ∈ I}. Then C(K) is generated by addition,
multiplication, constants and operations fi(x) =
{
hi(x), if x ∈Mn
0, otherwise.
P r o o f. Let D be generated by such operations on Zpk . These generators
belong to C(K), therefore D ⊆ C(K). It is clear, that DM ⊇ K because
DM contains all generators of K and that yields D = C(DM ) ⊇ C(K).
As the second step in our reduction from Zpk to Zpk−1 we now show that
the interval between P(M) and Comp(M) is isomorphic to a certain interval
in the lattice of clones on Zpk−1 . The key is in the following construction.
Let f : (Zpk−1)n → Zpk−1 be an n-ary operation and define the operation
f∗ : Mn →M for every li ∈ Zpk−1 as follows
f∗(l1p, . . . , lnp) = f(l1, . . . , ln) · p.
Recall that we identify Zpk−1 as the set {0, 1, . . . , pk−1− 1}. The numbers li
on the left hand side of the above equation are treated as elements ofZpk . This
definition is correct, as every element of M is equal to lp for some l ∈ Zpk−1 .
It is easy to see the following assertion.
Lemma 3.10 An operation f : (Zpk−1)n → Zpk−1 belongs to Comp(Zpk−1)
if and only if f∗ ∈ Comp(M).
Lemma 3.11 Let m,n ∈ N. For every n-ary operation f and all m-ary
operations g1, . . . , gn on Zpk−1 , the following holds:
(f(g1, . . . , gn))
∗ = f∗(g∗1 , . . . , g
∗
n).
P r o o f. For every l = (l1, . . . , lm) ∈ (Zpk−1)m we compute
(f(g1, . . . , gn))
∗(lp) = f(g1, . . . , gn)(l) · p = f(g1(l), . . . , gn(l)) · p,
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and
f∗(g∗1(lp), . . . , g
∗
n(lp)) = f
∗(g1(l)·p, . . . , gn(l)·p) = f(g1(l), . . . , gn(l))·p.
We have the required equality.
Let E2(Zpk−1) denote the clone on the ring Zpk−1 generated by constants,
addition and the binary operation pxy. We show that the interval between
P(M) and Comp(M) and the interval betweenE2(Zpk−1) and Comp(Zpk−1)
are isomorphic.
LetC be a clone betweenE2(Zpk−1) and Comp(Zpk−1) and letC∗ denote
the set
C∗ = {f∗ | f ∈ C}.
Lemma 3.12 For every clone C between E2(Zpk−1) and Comp(Zpk−1), C∗
is a clone between P(M) and Comp(M).
P r o o f. 1. If f is a projection on Zpk−1 , then f∗ is the same projection on
M . By Lemma 3.11, C∗ is closed under composition. Thus, C∗ is indeed a
clone.
2. If f is the addition on Zpk , then f∗ is the addition mod pk on M . If
g(x, y) = pxy on Zpk−1 , then g∗(xp, yp) = g(x, y) · p = (pxy)p = px · py
is the multiplication modulo pk on M . Further, every constant operation
h(x) = c ∈ Zpk−1 belongs to C, so h∗(lp) = cp is a constant operation
on M . We have obtained that C∗ ⊇ P(M).
3. Every f ∈ C preserves congruences modulo p, . . . , pk−2. Conse-
quently, then f∗ preserves congruences modulo p2, . . . , pk−1. The congru-
ence mod p is trivial on M . Hence, C∗ ⊆ Comp(M).
Clearly, f∗ = g∗ if and only if f = g. Hence, the assignment C 7→ C∗ is
an order embedding. Now we show its surjectivity.
Lemma 3.13 For any clone D between P(M) and Comp(M), the set
C = {h ∈ Comp(Zpk−1) | h∗ ∈ D}
is a clone between E2(Zpk−1) and Comp(Zpk−1). Moreover, D = C∗.
P r o o f. It is clear that C is a clone. (The closedness under composition
follows from Lemma 3.11.) Moreover, if f is the addition on Zpk−1 , then f∗
is the addition on M , which belongs to D, so f ∈ C. Similarly, if g(x, y) =
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pxy on Zpk−1 , then g∗ is the multiplication on M , so g∗ ∈ D and hence g ∈
C. If h is a constant operation on Zpk−1 , then h∗ is a constant operation on
M and, again, h∗ ∈ D implies h ∈ C. We have proved that E2(Zpk−1) ⊆ C.
By Lemma 3.10 we have C ⊆ Comp(Zpk−1).
It remains to prove that D = C∗. The inclusion C∗ ⊆ D is trivial. Con-
versely, let f ∈ D. Then there is an operation h on Zpk−1 such that f(xp) =
h(x) · p. Clearly, f = h∗. Lemma 3.10 implies that h ∈ Comp(Zpk−1), so
h ∈ C and f ∈ C∗.
As a consequence of previous lemmas we state the following theorem.
Theorem 3.14 The lattice I(pk) is isomorphic to the interval between clones
E2(Zpk−1) and Comp(Zpk−1).
The isomorphism in our Theorem maps a clone K between E2(Zpk−1)
and Comp(Zpk−1) first into the clone K∗ and then, by Theorem 3.7, into
C(K∗). We also have a correspondence between generators. If {fi | i ∈ I}
is a generating set of K, then (by Lemma 3.11) {f∗i | i ∈ I} is a generating
set for K∗. The generating set of C(K∗) is then described by Lemma 3.9.
4 CASES k = 2 AND k = 3
The interval between E2(Zpk−1) and Comp(Zpk−1) is known for k = 2 and
k = 3. We can use this knowledge to describe all clones between P (Zpk)
and Comp(Zpk).
If k = 2, then the operation g(x, y) = pxy on Zp is trivially zero. So,
E2(Zp) is the clone of all polynomials of the group (Zp,+). It is well known
that this clone is maximal, which means that it is covered by the clone of all
operations on the set Zp. (It can be deduced from the well known Rosenberg’s
classification in [14].) The clone of all operations coincides with Comp(Zp),
since the ring Zp has only trivial congruences and therefore all operations are
compatible. We obtain the following result.
Theorem 4.1 The interval between P(Zp2) and Comp(Zp2) has only two
elements.
The case k = 3 is much more complicated. The interval between E2 and
Comp(Zp2) is only known from Bulatov’s paper [4]. (We writeE2 instead of
E2(Zp2).) In fact, Bulatov described all clones, which contain polynomials of
the group (Zp2 ,+). The lattice of these clones is depicted below. Each clone
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is determined by a set of generators, which always contains the addition and
the constants. Notice that the picture includes the fact stated in Theorem 4.1.
Theorem 4.2 The lattice of clones between P (Zp3) and Comp(Zp3) is iso-
morphic to the interval E2 and Comp(Zp2) on the picture below.
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

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




Pgrp(Zp2 ,+)
E2
Ep
Ep+1
E
Np
Np+1
N
F1
P(Zp2)
F2
F3
Comp(Zp2)
O(Zp2)
Now we list the generators of all clones K between E2 and Comp(Zp2)
(taken from [4]), as well as the generators of the corresponding clones
Φ(K) = C(K∗) between P (Zp3) and Comp(Zp3). The generators of Φ(K)
are constructed by the process described at the end of the previous section.
The definitions are as follows. The operation h on Zp2 is defined by the
formula
h(x, y) =
{
klp, if x = kp, y = lp for some k, l ∈ {0, . . . , p− 1}
0, otherwise.
The j-ary operation ξj on Zp3 is defined by
ξj(x) =
{
k1 . . . kjp
2, if x = kp for some k ∈ {0, . . . , p2 − 1}j
0, otherwise.
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Notice that ξ2 is the restriction of the usual multiplication to M . It is a poly-
nomial of the ring Zp3 , so Φ(E2) = P(Zp3).
Next we define operations pi, ψ, ρ, ϕ and τ on Zp3 .
pi(x) =
{
pkp, if x = kp for k ∈ {0, . . . , p2 − 1}
0, otherwise.
ψ(x, y) =
{
pkplp, if x = kp, y = lp for k, l ∈ {0, . . . , p2 − 1}
0, otherwise.
ρ(x, y) =
{
pkp(lp − l), if x = kp, y = lp for k, l ∈ {0, . . . , p2 − 1}
0, otherwise.
ϕ(x, y) =
{
klp2, if x = kp2, y = lp2 for k, l ∈ {0, . . . , p− 1}
0, otherwise.
τ(x, y) =
{
klp, if x = kp, y = lp for k, l ∈ {0, . . . , p2 − 1}
0, otherwise.
The generators of all clones are in the following table. We only list the
additional generators (besides addition and constants forK, besides addition,
multiplication and constants for Φ(K)). The clones E and N are not in the
table, they are the union of all Ej and Nj , respectively.
K generators of K generators of Φ(K)
Ej px1 . . . xj ξj
Nj px1 . . . xj , xp ξj , pi
F1 x
pyp ψ
F2 x
p(yp − y) ρ
F3 h ϕ
P(Zp2) xy τ
Comp(Zp2) xy, h τ , ϕ
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